MCMC METHOD FOR MARKOV MIXTURE SIMULTANEOUS-EQUATION
MODELS: A NOTE

CHRISTOPHER A. SIMS AND TAO ZHA

. INTRODUCTION

This paper extends the methods devel oped by Hamilton 1989 and Chib 1996 to identified
multiple-equation models. It details how to obtain Bayesian estimation and inference for
a class of models with different degrees of time variation and discuss both analytical and
computational difficulties.

We consider nonlinear stochastic dynamic simultaneous equations of the structural form:

Pr(&:i’&—lzk>:pik7 ivkzlv"'7h7 (2)

where sis an unobserved state, y isan n x 1 vector of endogenous variables, xisan mx 1

vector of exogenous and lagged endogenous variables, Ag isan n x n matrix of parameters,

A, isan mx n matrix of parameters, T isasample size, and h isthe total number of states.
Denote the longest 1ag length in the system of equations (1) by v. The vector of right-

hand variables, %, is ordered from the n endogenous variables for the first lag down to the

nvariables for the last (vi") lag with the last element of x; being the constant term.
Fort=1,...,T, denote

Ye={y1,.- W}

We treat as given the initial lagged values of endogenous variables Yo = {y1_v,...,Yo}-
Structural disturbances are assumed to have the distribution:

n(sm_l)zw(o,ln),
nx1

where N(a, b) refers to the normal pdf with mean a and covariance matrix b and | ,, is an
n x nidentity matrix. Following Hamilton 1989 and Chib 1996, we impose no restrictions
on the transition matrix P = [pjy].
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The reduced-form system of equationsimplied by (1) is:

Vi =xB(s)+U(s), t=1,...T; (3)
where
B(s) = A (3)A (%), 4)
< ) Ay 1( )st, (5)
E(u(s)u(s)) = (Ao(s)Ap(s)) (6)

In the reduced form (4)-(6), B(st) and ut( ) involve the structural parameters and shocks
across equations, making it impossible to distinguish regime shifts from one structural
equation to another. In contrast, the structural form (1) allows onetoidentify each structural
equation, such as the policy rule, for regime switches.

[I. PRIOR RESTRICTIONS

[1.1. Restrictionson timevariation. If welet all parameters vary across states, itisrela
tively straightforward to apply the existing methods of Chib 1996 and Sims and Zha 1998
to the model estimation because Ap(s) and A (s) in each given state can be estimated
independent of the parameters in other states. But with such an unrestricted form for the
time variation, if the system of equations is large or the lag length is long, the number of
free parameters in the model becomes impractically large. For a typical monthly model
with 13 lags and 6 endogenous variables, for example, the number of parametersin A, (s)
is of order 468 for each state. Given the post-war macroeconomic data, however, it is not
uncommon to have some states lasting for only a few years and thus the number of asso-
ciated observations is far less than 468. It is therefore essentia to simplify the model by
restricting the degree of time variation in the model’s parameters. Such a restriction en-
tails complexity and difficulties that have not been dealt with in the simultaneous-equation
literature.
To begin with, we rewrite A, as

A0 =D+ S Aol g
where
In
s=| & ]
(m—n)xn

If we place a prior distribution on D(s;) that has mean zero, the specification of Sis consis-
tent with the reduced-form random walk featureimplied by existing Bayesian VAR models
(Simsand Zha 1998). As can be seen from (4) and (7), thisform of prior tendsto imply that
greater persistence (in the sense of atighter concentration of the prior on the random walk)
isassociated with smaller disturbance variances. Thisisreasonable, asit is consistent with
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the idea that beliefs about the unconditional variance of the data are not highly correlated
with beliefs about the degree of persistence in the data.
We consider the following three cases of restricted time variations for Ag(s) and D(s):

ag,j,dij.¢,Cj Casel
a0, (%), dij¢(),Cj(%) = § @0,j&j(s), dijeéj(x),Ciéj(s) Casell , (8)
ao,j (%), dijeAij(s),Cj(s) Case Il

where &j(s) is a scale factor for the j" structural equation, ag j(%) is the j™ column
of Ag(s), dj(s) is the j™ column of D(s), dij (%) is the element of dj(s) for the i™"
variable at the /™" lag, the last element of dj(s), Cj(%), is the constant term for equation j.
The parameter Ajj(s) changes with variables but does not vary across lags. The variability
across variablesis necessary to alow long run (policy) responses to vary over time, while
therestriction on thetime variation across lagsis essential to prevent over-parameterization.
The bar symbol over ag j, d;j ¢, and ¢; means that these parameters are state-independent
(i.e., constant across time).

Case | represents a traditional constant-parameter VAR equation, which has been dealt
with extensively in the literature and thus will not be afocal discussion of this paper. Case
Il represents a structural equation with time-varying disturbance variances only. Case Il
represents a structural equation with time-varying coefficients. *

11.2. Identifying restrictions. It is well known that the model (1) would be unidentified
without further identifying restrictions. We follow the identified VAR literature and apply
linear restrictions on Ag and D, which imply the following relationships (Waggoner and
Zha 2003a)

aj = Uj bj,j=1...n 9)
nhx1l nhxojo0jx1
d =V g,j=1...,n, (10
mhx1  mhxrjrjx1
2,(1) dj(1)
aj=| : |, di=] : |,
2, (h) dj(h)

where bj and gj are the free parameters “squeezed” out of a; and dj by the linear restric-
tions, oj and r; are the numbers of the corresponding free parameters, columns of U; are
orthonormal vectorsin the Euclidean space R™, and columns of V; are orthonormal vectors
inR™,

1The reduced-form equation for Case |11, however, has both time-varying coefficients and heteroscedastic
disturbances. This fact reinforces the point that one should work directly on the structural form, not the
reduced-form, of the model.
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The restricted form (9) - (10) encompasses many existing models. For example, the
restrictions imposed on the three-equation system of Taylor 1999 (one of the equations is
the widely-used Taylor rul€) fall into this form where ag j(1) = --- = ag j(h) and dj(1) =
---=dj(h) fordl j’s. Similarly, the Rudebusch and Svensson 2002’s empirical model is of
the form with different lag structures imposed on different equations, which is summarized
by (10).

11.3. Prior distributions. Inadditionto these identifyingrestrictions, we use the reference
prior on Ag and D in the existing literature. The prior distributions take the Gaussian form:
m(ag,j(k)) =N(O,Hoj), k=1,...,h, j=1,....m; 11
m(dj(k)) =N(O,H4j), k=1,...,h,j=1,...,n (12)
We follow Sims and Zha 1998 to incorporate into the model the n+ 1 “dummy observa-
tions’ formed from the initial observations (Yp). These dummy observations, used as an
additional prior component, express widely-held beliefs in unit roots and cointegration in
macroeconomic series and play an indispensable role in improving out-of-sample forecast
performance. Let Yq be an (n+ 1) x n matrix of dummy observations on the left hand side
of system (1) and Xq be an (n+ 1) x m matrix of dummy observations on the right hand
side. It follows from Sims and Zha 1998 that
(XX +H D XgYa+H S =5
1 "y le =1 1
YéYd + Hojl—i— S{HHlS— sz = Hoj )
where
__1 — _ _ _ 1=
Toj = (YaXa+SHIH(XiXa+HH) T (X Ya+HTS).
These results, combined with (9), (10), (11), and (12), lead to the prior distributions for the
free parameters bj and gj:

where
_ -1
Hoj = (Ujl @ HghY; )

Hij= (Vj'(' ® (XiXa+ Hljl))Vj)_l~

Theprior distributionfor &; (k) istakenas ri({j(k)) =T (az,B;) forke {1,...,h}, where
(k)= Ejz(k) and I'(-) denotes the standard gamma pdf with 3, being a scale factor (not
an inverse scale factor as in the notation of some textbooks). The prior pdf for Ajj(Kk) is
N(0,02) forke {1,...,h}.
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The prior of the transition matrix P takes a Dirichlet form as suggested by Chib 1996.
For the ki column of P, p, the prior density is

T(Pk) = T(Pik; - - -, Prk) = D(A1, - - ., Ohk) O Dfﬁk_l~ - pﬁf(‘k_l, (15)

where o > O0fori=1,...,h.
There are three stepsin setting up aprior for py. First, the prior mode of pjk is chosen to
be vy such that TN, Uy = 1. Let

Uzj = max{ulj,..., Uhj}.

In general, we set z= | or Uz = Ujj, reflecting beliefs in the concentration on the diagonal
of P.

In the second step, choose the prior variance of p;; to be & such that is sufficiently small
to have areal solution for aj in the following third order polynomial

@03 + @0z + PLaz + @ =0,

where
1-vy
Wzj = szl’
@ = &j(1+ ¢y))°,
@ = &2j (14 Y)? [3(h — yiy) — 2] — Y,
@ = (h— gy — 1) {&;(1+ ¢) [3(h— ¢j) — 1] - 1},
@ = &;j(h—us))(h— s — 1)*
Given the prior modes {Uj, . . ., Unj} and the solution az;j, the third step invol ves solving

for all the other elements of the vector o as

(h—1)x1  (h-1)x(h-1) | (h—1)x1 (h—1)x

af = B! [ ¢ oy B },
1

where o isthe (h— 1) x 1 subvector of aj without the Z" element, Bj isthe (h—1) x (h—
1) submatrix of the following matrix without the 2" row and 2" column
1-v1j —U1; ... —Uij

U2j 1—U2j .o —Ugj

—Unj —Upj ... 1—Up;
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B; isthe (h— 1) x 1 subvector of the 2" column of the above matrix without the z" element,
and ¢ isthe (h— 1) x 1 subvector of the following vector without the 7" element

1—hogy;

1 — hop;
It can be verified that the values of all elements of aj constructed above imply
&;j > Var(pgj), vke {1,...,h}.

[I1. POSTERIOR ESTIMATE

Asshownin Section 11.3, the restricted parameters (through identification and the degree
of time variation) are functions of the free parameters. We gather different groups of free
parameters as follows, with the understanding that we sometimes interchange the use of
free parameters and original (but restricted) parameters.

p={px, k=1,....h};
J7={¢K),j=1,...,n,k=1,...,h}, for Caselll;
o {A ={Aj(k),i,j=1,....,n,k=1,...,h}, for Caselll;
g={g;,j=1...,n};
b={bj,j=1,....n};
6={p.v,9,b}.

The overall likelihood function (Yt | 6) can be obtained by integrating over unobserved
states the conditional likelihood at each timet and by recursively multiplying these condi-
tional likelihood functions forward (Kim and Nelson 1999):

T h
n(¥r | 6) :ﬂ{ > [ | Vo1, 0) Pr(sc | Vi1, 9)]}, (16)

§=1
where

iyt | Ye-1,5,0) = (2m) 72 |Ao(s: ]exp{ i i(s) Wyt a0,j(s)
= (17)

_2a’+’j(s¢)xty{ao7j +a'+’j(5t)xt>43+,j(&)} }7

h
Pr(st | Yi-1,0)= > [Pr(s|s-12)Pr(s-1]%-1,6)]. (18)
§-1=1
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The probability Pr(s;—1 | Y;—1,8) can be updated recursively. We begin by setting Pr(sp |
Yo0,0) = Pr(sp) = 1/h. Fort=1,...,T, the updating procedure involves the following
computation:

T[(yt ’ Yt—lv&v 9) Pr(& ’ Yt—17 9)

(S0 So_q [ | V1,5, 0)Pr(st | Y-1,6)]
From the Bayes rule, the posterior distribution of 6 conditional on the datais
7T(9 ’YT) U 7T(9)7T(YT ’ 9)7 (20)

where the prior 11(0) is specified in Section 11.3.

In order to avoid very long startup periodsfor theMCMC sampler, itisimportant to begin
with at least an approximate estimate of the peak of the posterior density (20). Moreover,
such an estimate is used as a reference point in normalization to obtain likelihood-based
statistical inferences. Because the number of parametersis quite large for our models (over
500), we used an eclectic approach, combining the stochastic expectation-maximizing al-
gorithm with various optimization routines.

IV. INFERENCE

Our objective is to obtain the posterior distribution of functions of 8 such asimpulsere-
sponses, forecasts, historical decompositions, and long-run responses of policy. It involves
integrating over large dimensions many highly nonlinear functions. Because most of these
dimensions are related to unobserved states, thereis no analytical solution for 77(6|Yr), nor
isit possible to simulate from its distribution. One can, however, use a Gibbs sampler to
obtain thejoint distribution 17(8, St | Yr) where

S={ss, ..,5}, vte{l,... T}

The Gibbs sampler we propose here involves sampling alternatively from the following
conditional posterior distributions:

Pr(Sr | Yr,p,v,9,b),
n(p|Yr,Sr,v,9,b),
n(y| Yr,Sr, p.g.b),
(g | Yr,Sr. p, v, b),
nb| Yr,Sr, p,Y,0).

It has been shown in the literature that such a Gibbs sampling procedure produces the
unique limiting distribution that isthe posterior distribution of St and 6 (e.g., Geweke 1999).
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IV.1. Conditional posterior distribution of Sy. Denote

S={s,....sr}, Y'={y,...,yr}, Vte{l.. T}

Paths of Sr are simulated recursively backward from the last conditional posterior distri-
bution whose pdf is Pr(Sr | Yr,p,Y,9,b) or Pr(Sr | Yr,0). To see how this recursion is
accomplished, observe that

Pr(Sr | Yr,0)=Pr(st | Y7,6)---Pr(s | Yr,S*10) - -Pr(so | Y1,S5,6);  (21)
and
Pr(s | Yr,S™,6) OPr(st | %, 8) (Y"1, 87| ¥, 5, 6)
OPr(s [ Y, 0)Pr(s1]s,0)Pr(YH, S| Vi, 5,51, 0)
OPr(s | Y, ) Pr(s11 | s, 6), (22)

because Pr(Y'*1, §+2 | V;, 5,51, 8) isindependent of s when s, 1 is given. Relationship
(22) implies that

o _1[Pr(s | Y, 0)Pr(sti1] %, 6)]
The backward recursion begins by drawing the last state st from Pr(sr|Yt, ) according to

(19) and drawing s; recursively given the path S+1 according to (23). It can be seen from
(21) that draws of St this way come from Pr(St|YT, 0).

Pr(s | Yr,8%1,0) = (23)

IV.2. Conditional posterior distribution of p. Given the path Sy, the posterior distribu-
tion of pisreduced to the following distribution:

m(p | Sr) OPr(Sr | p)(p).
The likelihood for St given p has the multinomial form:

T
N1, .-, Nh1, -5 N1hy - - -5 Nhn

Pr(Sr | p) = ( ) Ps;50Psss, - - - Psrsr_y Pr(So), (24)

wheren;j isthe total number of one-step transitions of sfrom statej to statei over the entire
sample and

h h
T= Nij.
3
The resulting conditional posterior pdf isalso of Dirichlet:
T(pk | Sr) = D(A1k + N1k, - - -, A+ Nhik), Yk e {1,...,h}. (25)
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IV.3. Conditional posterior distribution of y, g, or b. The likelihood function condi-
tional on Sy and O is

T
T[(YT ’ ST7 9) = I_!L T[(yt’Yt—lvsv 9)7 (26)
t—

where (yt|Y;—1, %, 8) isgiven by (17). Thejoint posterior pdf of y, g, and b conditional on
Y1, Sr, and the other parametersis proportional to the conditional likelihood (26) multiplied
by the Gamma prior distribution of ¢, the Gaussian prior distribution of A, and the Gaussian
prior distributions of g and b, specified by (13) and (14). This joint distribution involves
alarge number of parameters and has an unrecognized analytical form that isimpossible
to simulate accurately. In what follows, we derive the conditional posterior distribution of
each individual group of parameters from which random values of the parameters can be
accurately simulated. We begin with Case |11 and work backward to Case 1.

IV.3.1. Additional Notation. The following notation, which will be repeatedly used for
Cases Il and I11, is now introduced.

) ) [dyj,1(k) chj 1]
€1 : :
%On . 1(K) Onj.1 ) )
0’2 : : dij1 --- dijy
n - — —
Y =1 . | dak)=]djeK® |, dj1=]|dje|,Dja=1] : 2
nexn : nvx1 : nvx1 : nxv d_nj L e d_nj )
% - : _. s ,
o daj,v(K) .y
¢, | : E
[ Onj,v (k) [Gnj.v

where en j is a standard unit vector of size n x 1 with the i'" element being 1 and O is an
nx n matrix of zeros. Let Ty be the total number of observations such that s = k. The
notation for a block diagonal matrix is defined as

B, 0 --- O
_ 0 B -~ 0O
dag (Bl = |, . .
0 0 - By
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Additional notation for A isintroduced as

(1) g ()
A= 0] A0 = | Ak ]
nhxn . nx1 :
[Aj(h). [Anj (K)_
Mijk) O . 0
1jo Ayj(k) -~ O lveAjk) 0
Ml=1 | A= 1]
0 0 Anj(k) 1xnv

IV.3.2. Caselll. Note the relationship
dj 1(K) = [n®@A;(K)] dj.1 = (Dj.1@ 1n) YA (K).

With this and some algebraic work, one can show that the conditional posterior distributions
of A, g, and b have the following forms:

m(Aj(K) | Yr, Sr,dj 1, ¢j(K), a0,(K)) —N(A-(k) Wa(K)), (27)

(g | Yr,Sr,Aj, bj) = N(@j, Wej), (28)

n(brvT,s{,v,gmner<k>\Tkexp{ rs (b’wg,lb, zwnb)}, (29)
k=1 1:1

where

2j(K) = W (k) W3 (K),

N B _ 1

Lijl(k) =Y (Dl,j ® |n) Wi 11(K) <D/1,j ® In) Y+ ?I”’
p

Waj11(k) W2 12(K)

Wi= 5 [xx]= JJV:;ZVl(k) qj:,-x,iz(k)

teftig=k} 1xnv 1x1
W3j(k) =Y (D1} ®In) [W1j,1.(K) a0 j (K) — Waj.12¢j(K)]
Wi 1.(k)
Wij(k) = eyt —xxS = | "
! te {t%—k} ‘4’11 Xlr’]z' (k)

Gj = W V| Ws; by,
~ : h -1
Wy = v diag [ {8 (k) Wa; (02 ()}, | V) +FL .
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Ws; = diag | {8;(K) W1i(K) }_y | U
Wgit = Ujdiag | {Wo;(K) }_y | Uj +Floj
Woillk)= 3 [y~ 28+ x|

te{t:s=k}
Y, = diag [{dj(k)lwlj(w}zzl} Uj-

Except (29), one can generate random values directly from the other two conditional
posterior distributions (27) - (28). Asfor the conditional posterior density of b, we use the
Gibbs sampling idea of Waggoner and Zha 2003a to sample b;j one at a time conditional
on b for i # j and the other parameters. Unlike constant-parameter simultaneous-equation
models, however, the posterior density of bj conditional on all the other parameters in
our case has no recognized form. We thus use a Metropolis algorithm with the following
proposal density for the transition from bj to b}

J (bT ’ bj7YT78T7b17"'7bj_17 bj+1,~--,bn, y’g) :N(o»g]_’ Kj7|” LIJSJ) ’ (30)
J

where b} is a proposal draw and kj v is a scale factor that can be adjusted to keep the
acceptance ratio optimal (e.g., between 25% and 40%).

IV.3.3. Case Il. If the j structural equation is Case I1,% Ajj(k) is equal to 1 for all i €
{1,...,n}andk e {1,...,h}. Thus, Aj(k) = Iy and Aj (k) = Im Vk € {1,...,h}. The condi-
tional posterior distributions of g and b have the same densities as (28) and (29) except the
terms W (k), W1j(k), and Wo (k) are now replaced by

W= 5 [{i(s)xx],

te{t:s=k}
Wi =5 [{i(s) (%t —xx9)],
te{t:s=k}
Woj(k) = > [Zj (%) <yt)/t—2§xt)/t +§xtx{§ﬂ :

te{t:s=k}

The conditional posterior distribution of (k) has the following pdf

Tk 1
MC&HY,&@sb%:F<—+a,~ )
R 2 L0218 (31)

1 ¢k To2rac-1g (G00/21/Bc) G k)

2Other equations may be Case Il or II.
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where

Gi=a; 3 [ytx/t—2§xt3/t +§Xt)<§} a0,

te{t:s=k}
-2 3 [y xxS o)
te{t:s=k}
+di Y [xx] dj,
te{t:s=k}

andd; = [d]; .

IV.3.4. Additional Case. There may be situations where one is willing to consider iden-
tifying restrictions for different lag structures across equations to reduce the number of
parameters while imposing no restrictions on the degree of time variation in ag j(s) and
dj(s). Withlittle modification, the analytical results derived in the previous sections apply
to this case as well. Because such identifying restrictions are still in the form of (9) and
(10), it can be seen that the conditional posterior distributions of g;j and b are the same as
(28) and (29), except Aj(k) = Im Vk € {1,...,h} in the expressions for ngjl and Wsj in
Section IV.3.2.

V. NORMALIZATION

To obtain accurate posterior distributions of functions of 6 (such as long run responses
and historical decompositions), we must normalize both the signs of structural equations
and the labels of states; otherwise, the posterior distributions will be symmetric with mul-
tiple modes, making statistical inferences of interest meaningless. Such normalization is
also necessary to achieve efficiency in evaluating the marginal likelihood for model com-
parison.® For both purposes, we normalize the signs of structural equations the same way.
Specifically, we use the Waggoner and Zha (2003b) normalization rule to determine the
column signs of Ag(k) and A (k) for any givenk € {1,...,h}.

Two other normalizations, scale normalization on {j(k) and Aj(k) and label normaliza-
tion on the states, require additional treatment. The rule applied to inference is different
from that used for evaluating the marginal likelihood.

V.1. Error bands. Wefirst obtainthe posterior estimate of 8 under therestrictions {j(k) =
landAj(k) =1nxq foral je{1,...,nfandke {1,...,h}, wherethenotation 1,1 denotes
the h x 1 vector of 1's. Let {j(k) and Aj(k) be the posterior estimates of (k) and Aj(k).

SNote that the margina data density is invariant to the way parameters are normalized, as long as the
Jacobian transformations of the parameters are taken into account explicitly.
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We then normalize these posterior estimates around the unit circle as

: 4i(K)
Z-k—i Vie{l,....n},ke{1,....h}, (32
i(k) =0 jed hked }
3\IJ(k>:)\IJ—(li>7 VI,jG{l,,n},|€{l,,h}, (33)
Zihzl)‘izj(i)

and adjust the other affected parameters accordingly. This normalization simply rescales
the posterior estimates and has no material consequences. But for statistical inference, the
normalization this way on each posterior draw of {j(k) and Aj(Kk) creates a better-behaved
normalized posterior distribution.

To continue this scale normalization, we simulate Markov chain Monte Carlo (MCMC)
draws of 8 asdetailed in Section IV with {j(k) =1 and Aj(k) = 1h«q foradl j e {1,...,n}
and k € {1,...,h}. For each posterior draw of {jj(k2) and Aj(ki), we normalize these
random values in the manner of (32) and (33) and adjust accordingly the values of the other
affected parameters such as Ag and D.

To perform label normalization, compute S, P(s = k|8) fork=1,...,h, where § is
the posterior estimate of 8. Reorder the states so that state i corresponds to the state that
hasthe itz largest sum. We then label the simulated states from the posterior distribution as
follows.

(1) Leti=1.
(2) For each MCMC draw of states & for all t = ., T, permute the states such that
(s =i|6) > > Ps —|]9 k=2,...,h
te{t:§= |} te{t:§=k}

(3) Fori=2,...,h—1, repeat the previous step successively.
The normalized draws of 6 after rescaling and relabeling are used in constructing the error
bands of functions of 6 for statistical inference. None of the normalized draws, however,
is used in the Gibbs sampling procedure for two reasons. Firgt, it can be seen from (32)
and (33) that the scaling normalization leads to the change of the unnormalized prior to the
normalized prior that has an unrecognized pdf form (because of the complicated Jacobian
term). Second, if the labeling normalization involves a swap of, say, Aj(1) and A;(k) for
k #£ 1, one of the swapped priors will be the inverse of a normal prior distribution. In

“This label normalization requires the number of permutations only on the order of h2 and thus is a
computationally efficient way to approximate Wald normalization discussed by Hamilton, Waggoner, and
Zha 2003 or the normalization that maximizes the correlation of the time path of probabilities of drawn
states with the time path of posterior estimates of state probabilities. The latter two normalizations require
h! permutations. The normalization described here works well if there are afew enduring states. Otherwise,
one could obtain reduced-form residuals of some important variable such as the interest rate and normalize
the states from the smallest residual to the largest residual .
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both situations, it is very inefficient (if not impossible) to sample from the corresponding
normalized conditional posterior distribution at each Gibbs sampling step. Such problems
associated with explicit changes of prior pdfs do not exist for normalized draws because
the Jacobian terms are implicitly taken into account after the normalization.

V.2. Marginal datadensity. The marginal datadensity (or marginal likelihood) isinvari-
ant to normalization. To see this point, let p be the normalized 6 and note

m(Yr) = [ m(¥r|8)76(6) 46
— [ mi¥rlo) me(p)126/0p| dp (34)

— [ mi¥rlo) m(p)dp.

Since p issimply anormalized version of 6, the likelihoods mi(Yr|6) and (Yt |p) are the
same. One can compute the marginal data density through either 8 or its normalized pa-
rameterization. Without normalization, it would be very inefficient to compute the marginal
data density because of the multi-mode nature of the unnormalized posterior distribution.
If one workswith the normalized parameterization, on the other hand, the implicit Jacobian
term |00 /0 p| may be difficult or even impossible to derive analytically. We recommend
some, not all, normalization in computing the marginal data density. Specifically, we simu-
late MCMC posterior draws of 8 with {j(k) =1and Aj(k) = 1h. foral j € {1,...,n} and
ke {1,...,h}. For each posterior draw, we apply the label normalization for k > 1 only.
We do not perform the scaling normalization at all. Unlike Section V.1, the normalized
draw this way is used for the next Gibbs step. In this normalized Gibbs process, all priors
are the identical and no Jacobian terms are involved.

VI. MODEL FIT

To select amodel that fits best to the data, we need to estimate the marginal data density
(Yr) for each model and then compare the marginal data densities among different mod-
els. We apply both the modified harmonic mean method (MHM) of Gelfand and Dey 1994
and the method of Chib and Jeliazkov 2001. The MHM method is quite efficient for most
models considered in this paper, but it may give unreliable estimates for some models
whose posterior distributions have multiple modes. In such a situation, we aso use the
Chib and Jeliazkov to check the robustness of the estimate.

The method of Chib and Jeliazkov 2001 utilizes the following identity

(Yr) :/n(YT 16)7(6)d6

_ (Y | 67)m(6%)
- oY)
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where 6% can be any point in the support of the 8 parameter space. The prior ordinate
m(6*) is readily available by direct calculation. It is aso straightforward to compute
the likelihood ordinate (YT | 6*) using (16). The evaluation of the posterior ordinate
(6" | Yr) demands intensive computation because it involves reduced MCMC runs for
the following n+ 3 blocks of conditional probability densities

(0| Yr) = ]1” b | Yr,bi,....bj ;)

(g | Yr, oY) m(y" [ Yr,g%,b%) m(w* | Y7, v, g%, b").

The estimate of the posterior ordinate

(35)

(b | Yr,bi,....bf 4),

requires simulating random values of {bj,bi1,...,bn, Sr,d} with the reduced conditional
probability densities:
T[(bl ’YT7b}<_7' i— 17bl+17 bnvsTva) >
T[(bi-i-l ’ YT7 b>]k_7 R bi—17 bi7 bi+27 R bn, ST7 5) )

T[(bn’YT, ?_,. i— 1,b|, bn ]_,ST,5),
7T<ST75’YT7 1 i— lvblv bn)7
and simulating random values of {bj.1,...,bn,Sr,d} with the reduced conditional proba-
bility densities:
T[(bH_]_ ’ YT7 b?_, .. '7bi*7 bi+2, .. .,bn,ST, 5) ,
7T(bi+2 ’ YT7 >]k_v RS bl*v bi+17 bi+37 RS bn, ST7 5)7

7T(bn ’YT,bak_,...,bi*,bi_;_l,...,bn_l,ST,5),
T[(ST,a’YT, >:i,...,bi*,bi_i_:]_,...,bn),
J <b| ’ bi*,YT, >:i,...,bi*_l,bi_i_:]_,...,bn,ST,a) .

A choice of b proves less straightforward. Initialy, we set b = bi. Because the joint
posterior distribution of by, . .., b, ishighly non-Gaussian in simultaneous equation models
like this, the posterior estimate by may turn out to be in the very low probability region of
the conditional or marginal distribution of bj, rendering bi to be apoor choice. To choose
an efficient point, we perform an additional reduced Gibbs run to set b;" at the value of b}
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that maximizes the ratio in the jumping probability of the Metropolis algorithm
T[(bll ’ YT7 b}i, ey bi*—17 bi+1, ey bn, S'|'7 5)
T[(b| ’ YT7 b}i, .. '7bi*—17 bi+1, .. .,bn, S'|'7 5) ’
For other posterior ordinatesin (35), we use the method proposed by Chib 1995. Estima-
tionof 17(g* | Yr,b*) involvessimulating randomvaluesof {Sr, g, y, p} fromt(Sr,9,y, p| Yr,b").
Thevalue of g* isset to (1/Q)qu:lg§Q). Estimation of rt(y* | Yr,b*,g*) involves simulat-
ing randomvaluesof {Sr,y, p} fromrt(Sr, y, p| b*,g*). Because n(y[ Yr,b*, g%, 89, p(Q))
is non-Gaussian for Case I, we generate several random draws of y and set y* to be the
draw that gives that highest value of 1T (y[ Yr,b*,g*, 89, p(Q)) in our reduced Gibbs run.

Finally, t(p* | Yr,b*, g%, y*) is estimated with random values of {Sr, p} simulated from
(p,Sr | Yr,b*, g% y") and p* is set to the average value of the posterior means:

o 1 R ik + ni(kq)
Q& S (ai+ i)

Thevalue of 8* so chosen changes randomly as the number of MC drawsincreases. This
feature safeguards our procedure from producing an erroneous evaluation of m(Yr) likely
to occur with any fixed value of 0 that happens to be in thetail of one of the n conditional
posterior distributions in (35). The computational cost can be quite high for large models
with the non-Gaussian shape of the posterior distribution.

The modified harmonic mean (MHM) method of Gelfand and Dey 1994 seems to be
a more efficient procedure, at least for the time-varying identified models studied here.
Denote the support of 17(6|YT) by O. Let p(6) be aweighting function that must be a pdf
(not kernel) whose support is contained in © , Gelfand and Dey 1994 observe that

6)
(Y —1:/ __*O) __6)vr)de. 36
A numerical evaluation of the integral on the right hand side of (36) can be done through
the Monte Carlo integration

i N pef)
)= 3, v | 60y m@0y @

where () isthe i draw of 6 from the posterior distribution 71(6 | Y1). A popular choice
of p(0) is atruncated normal pdf (Geweke 1999), which turns out to be a poor choice for
our problems because each element of the parameter vector w in the transition matrix is
bounded between 0 and 1. To deal with this problem, we regroup the parameter vector 0
into two blocks. Thefirst block, denoted by 61, contains all the parameters except w and the
second block consists of w only. Denote the supports for these two blocks of parameters by
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©1 rand Oy .. Let 6y v, and Q1 v, be the sample posterior mean and the sample posterior
covariance matrix of 8; with Ny MCMC draws. For ¢ € (0, 1), define

Onye = {617 (B~ Oun) Dpyy (61— Buwy) < X2(ma) }

where ny is the dimension of 8; and x2(n1) is the inverse of the chi-squared cdf with ny
degrees of freedom for the probability t. Define the truncated normal pdf p7(61) as

X(el € GN]_,I’) 1

Pily) =T

_ _ 1 — - —
5 ‘Ql,Nl‘ 1/2exp{—§(91— 91,N1)/Ql,%\ll(91 - 91,N1)} .

(39)
Recall that the indicator function x () returns 1 when the statement in parentheses is true
and O otherwise. For Case Il, since the parameter {jj(k2) is aways greater than 0, the
support Oy, is not contained in ©1 5. Following Geweke 1999, we redefine the support
to be On,,. N ©1, and calculating a rescaling constant, denoted by g, ., for p3(61). The
constant g, can be approximately by the proportion of i.i.d. draws of 81 from (38) that
fal in ©1 . This approximation is very accurate so long as g, is not close to 0. The
weighting function for 61 is

X(61 €01 1)

N]_,I’

p1(61) = p1(61).

Every parameter in the second block p is bounded between 0 and 1. If the weighting
function p,(w) were truncated-normal, the rescaling constant would be very close to O.
Thus, we use a Dirichlet distribution as the weighting function of p; Vj € {1,...,h} and
vx € {1,2}. Let pjj and V(pij) be the sample posterior mean and the sample posterior
variance of pj; with N, MCMC draws. The weighting function p,(pj) is defined as

p2(pj) = D(K1j,-- -, Knj),

where
— _ Jpipy ifp>0
Kij = o= )
1 if pij <O
= pij(1-pij)
p..:_i_l.
T Vi)

It can be shown that the mean and variance for p,(pj) are exactly equal to pij and V(pij).
The weighting function for evaluating (37) is

h

(8) =p1(6 (pj)-
p(0) =p1 1)1]1132 i)
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VII. CONCLUSION

This paper extends the existing MCMC simulation methods to a system of simultaneous
equations with hidden Markov chains. 1t overcomes analytical and computational difficul-
ties that arise when one restricts the degree of time variation on the system. We derive
the probability density functions of conditional posterior distributions used for the MCMC
simulations and devel ope software that enables one to obtain the solution on a standard PC
desktop. Sims and Zha 2004 have applied this method to addressing various questions re-
garding monetary policy. Despite intensive computation needed to get reliable results, we
hope that further innovations in numerical methods and computer technology will make
our method easier for applied researchersto use.
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