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     Abstract 

 A three dimensional rigid body dynamic model based on finite element 

methodology is presented. The model accounts for the inertia and mass properties 

of rigid bodies and is based on nodal displacements.  An exact energy conserving 

method is used to numerically integrate the equations of motion for a three link 

mechanism model.  
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Introduction 

 The use of a finite element methodology to model 3-D multibody systems 

has many advantages including simplicity in formulation and organization. The use 

of nodal displacements as the primary variables is part of the natural coordinates 

methods that were created and developed by Garcia de Jalon [1]. The rigid body 

model investigated herein is based on a finite element with four nodes and the use 

of stiff springs to enforce the rigid body requirement. Since this element is 

representative of a finite element structural dynamic model the assembly and 

subsequent numerical integration can be performed using standard finite element 

methodology. These types of models offer advantages in solving the inverse 

problem especially that of dealing with a constant mass matrix. The disadvantages 

are in the difficulties that arise in the numerical integration of stiff nonlinear 

mechanical systems. To this end Simo and Gonzalez [2] demonstrated that an exact 

energy conserving algorithm could  successfully be used for stiff systems. The fact 

that total energy is conserved is especially useful in this type of model since the 

stiff springs are artificial and should not add nor lose significant energy. Since the 

different types of energies of this model are easily computed they can be monitored 

to see if the artificial spring energy is significant and thus provide a measure of the 

fidelity of the model. The use of stiff springs falls into the category of penalty 

methods and is not new.  Goicolea and Orden [3] previously investigated the 

penalty method and the energy conserving algorithm for the more general case of 
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flexible multibodies with excellent results. Our objective is to show how the rigid 

body dynamics can be modeled in a general framework using simple finite 

elements that are then assembled in a straight forward manner. A three link 

mechanism model with large displacement and rotations is investigated to 

demonstrate the properties of the method. This model is also verified against an 

independent model. 

 

 

Rigid Body Equations of Motion 

 The rigid body model can be derived using natural coordinates, Garcia de 

Jalon and Bayo [4], as the dependent variables and as they point out, there are 

many choices for these natural coordinates. The ones chosen for this study are the 

four nodes representing the center of gravity and the columns of the rotation matrix 

R which define the orientation of the rigid body. Let q , [ qx qy qz ] , represent the 

columns of the matrix R then the angular equations of motion for a rigid body can 

be expressed as 

  Cd
2
q/dt

2
 + fs = T      (1) 

The matrix C is constant and exactly preserves the body space inertia matrix in 

these natural coordinates, see Appendix A. T represents the applied torque. The 

forces fs are added because the three points described by q ( and R) need to be 

constrained to represent a rigid body. In order to enforce this constraint a set of 
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stiff springs are added to the model. These springs connect the 3 points described 

by q to each other and the center of gravity. There are six springs altogether and 

form a tetrahedron. These spring forces are represented by fs and are each derived 

by using the potential energy for a single spring between two points 

  PE = ½ k(L-Lo)
2   

   (2) 

where k is the spring constant, Lo is the unstretched length and L is expressed in 

the coordinates of two points. For example  

 L
2
 = (x2 – x1)

2
 + (y2 - y1)

2
 + (z2 - z1)

2
    (3) 

for points 2 and 1. The force between these two points becomes 
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or in terms of a vector d  

  fs = k(L-Lo)/L d      (5) 

 The advantage of the natural coordinate model is having a constant Inertia 

matrix C while the disadvantage is that artificial stiff springs (k)  are needed to 

approximate the rigid body. 

 The equations for the center of mass complete the rigid body equations 

  Md
2
x/dt

2
 = F      (6) 

where M represents is the mass of the element, x is the position of the center of 
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mass and F represents the external forces acting on the element. 

 The above equations are in relative (local) variables for each element and to 

assemble a complete model a set of global variables are required. These global 

variables consist of a set of points u which also represent constrained and attach 

points between elements. The local variables are uniquely determined from these 

global variables for each rigid body element with a matrix P.  
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 The elements of a multibody are then assembled with the use of the matrix P 

which relates the local and global variables. That is, for several element equations 

denoted by the subscript i 

 Mid
2
xi/dt

2
 = Fi        (8) 

 Cid
2
qi/dt

2
 + fsi  = Ti       (9) 

are then assembled into a global model in the standard finite elment manner 

 22

2

2

1

1

T
u/dtPd

...

C

M

C

M

P























  + 























...

fs

0

fs

0

P

2

1

T   =  























...

T

F

T

F

P

2

2

1

1

T  (10) 

which can be expressed as 
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  M*d
2
u/dt

2
 + f* = fa      (11) 

For linear finite element models  the matrix operations involving P are usually not 

carried out explicitly. However, in this case the matrix P can be rather complex 

and since the nonlinear spring forces are always computed using local coordinates, 

the matrix operations need to be performed. As an example of a simple P matrix, 

consider a single uniform link of length 2a with the global variables u1 and u2 at 

each end of the x axis and u3, u4 coinciding with qy and qz, the P matrix would 

then take the following form 
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It should be pointed out, however, that the mass and inertia matrix M* is constant 

and need be computed only once. 

 

 

Energy Conserving Method 

 There are many methods that can be used to numerically integrate the 

differential equations (11). Garcia de Jalon and Bayo [4] have an excellent 

discussion on various integration methods. Of the single step methods, the exact 

energy conserving method proposed by Simo and Gonzalez [2] appears to offer the 

most stability, accuracy, and simplicity for stiff nonlinear models. Consider the 
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assembled equations, Equations (11) and defining the velocity state vector as 

  v = du/dt       (13) 

the exact energy conserving algorithm for time step n to n+1 with a step size h is 

  (un+1 – un)/h = ½ ( vn+1 + vn)    (14) 

  M* ( vn+1 - vn)/h + f*n+1   =  fan    (15) 

 

where the stiff spring components of f*n+1, fsn+1 are represented by 

  fsn+1 = S(Ln+1)( dn+1 + dn)/2    (16) 

where for a typical spring 

  S(Ln+1) = 2( V(Ln+1) – V(Ln) )/ (Ln+1 + Ln)/ ( Ln+1 –Ln)  (17) 

and V(L) is the spring energy 

  V(L) = 1/2k(L-L0)
2      

 (18) 

In this case S(L) reduces to a more simpler form 

  S(Ln+1) =k[1 –2L0/(Ln+1 + Ln)]     (19) 

 One advantage of the above model is that the nonlinear forces are a function 

only of the displacements and not the velocities. With this in mind, the exact 

energy method can be rearranged for the unknowns vn+1 and un+1 

  un+1 – ½ h vn+1 = un + ½ hvn     (20) 

  M*vn+1 +h f*n+1   =  M*vn+ h fan     (21) 

This formula requires solving a set of nonlinear equations for vn+1 and un+1 at each 

time step. One method for solving a set of nonlinear equations is Newton’s method 
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which requires the Jacobian , which is easily derived and assembled using the same 

finite element methodology, another advantage. 

 

Numerical Example 

 A simple three rigid body link mechanism was chosen to investigate the 

above method. The mechanism was initially at rest and under the influence of 

gravity with no other external forces. In this case the total energy remains constant. 

Each link represents a block of one meter in length, a width of 0.5, and a height of 

0.2. With a mass of 12 the principal inertia matrix is diagonal and equal to [0.29 

1.04 1.25].  Gravity is –1 in the z direction. The first link has one end fixed in 

position but allowed to rotate freely and is aligned with the x axis. The second link 

is connected to the end of the first and is aligned with the z axis. The third link is 

connected to the second and is aligned with the y axis. This initial orientation is 

shown in Figure 1 and was selected to assure both large displacements and 

rotations in three dimensional space. 

 The model was simulated for 12 seconds with a time step of 0.005 seconds 

and a spring constant of 8E4. The x, y, z center of mass displacements of the third 

link are shown in Figure 2 and the large displacement and rotations are clearly 

evident.  Figure 3 shows the various energies of the model, the total kinetic energy, 

the gravitational potential energy, the energy stored in the springs, and the total 

energy. The total energy is conserved as expected for the exact energy conserving 
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method. For this example the energy stored in the springs is significant starting 

when the links reach the bottom of the swing at about 2.6 seconds. 

 The question of how stiff the springs should be and their effect on the 

solution was investigated. The above model used a spring constant of 8E5. 

Increasing this spring constant reduces the energy stored in the springs. The spring 

constant was increased to 1.E6 beyond which numerical round off difficulties were 

encountered. 

 

 

Verification 

 To verify the rigid body finite element formulation an existing program, 

RobotBuilder [5] was used.  RobertBuilder is a graphics software application that 

can be used to rapidly simulate robotic dynamics.  During the simulation, the 

program displays a graphical animation of the results in 3D.  

 The three rigid body link mechanism above was developed in RobertBuilder.  

As in the finite element model the mechanism was initially at rest and under the 

influence of gravity with no other external forces.  The links are represented with 

the block primitive type with the dimensions and properties outlined above.  The 

Runge-Kutta ( 4
th
/5

th
 Order Adaptive Step Size) was selected for the integrator. 

The time step size was 0.005. The x, y, and z cg displacement for link 3 was 

recorded during the simulation of the rigid body motion.  Comparison of FEM 
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results (using a spring constant of 1.E6) with RobotBuilder   is given in Figure 4. It 

is noted that the agreement between the finite element method and RobotBuilder is 

excellent.  Up to about 9 seconds the results are virtually identical and after that 

time the general shape and magnitudes are still very good.  These results give 

added confidence that the finite element method is correct 
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Conclusions 

 The energy conserving numerical method was easy to implement and gave 

excellent results. Using finite element methodology to construct and assemble the 

rigid body elements provides a simple and straightforward method for some 

multibody analyses. The monitoring of the energy stored in the artificial stiff 

springs could serve as a criterion for assessing the fidelity of the model under the 

dynamic loading of interest. Clearly, some severe loadings will result in excessive 

energy being stored in the springs thus disqualifying the model. However in those 

cases where the stored energy is small, the method offers great simplicity in 

analyzing multibody systems.
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Figure 1 Initial Orientation of Three Link Model 
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   Appendix A Inertia Matrix C 

The matrix C can be expressed in terms of the Ibody matrix. 

   I11 I12 I13 

 IBODY =  I22 I23 

   sym  I33 

Let 

 a= ½(I22  +  I33  -  I11) 

 b= ½(I11  +  I33  -  I22) 

 c= ½(I11  +  I22  -  I33) 

The 9x9 C matrix is then 

 a 0 0 -I12 0 0 -I13 0 0 

  a 0 0 -I12 0 0 -I13 0 

   a 0 0 -I12 0 0 -I13 

    b 0 0 -I23 0 0 

     b 0 0 -I23 0 

  (sym)    b 0 0 -I23 

       c 0 0 

        c 0 

         c 

 


