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1. Itisreasonableto assumethat John'sfather’s ageisa2-digit number. Sincethe reversed digits
are John’s age, hisageis also a 2-digit number. There are only two combinations of two digits
which total 5—-{1, 4} and {2, 3}. Since4l —14 =27, we know John is 14 and his father is 41.
The answer is41.

2.  Remember theformula, distance=rate x time. d =r xt. Tofind Robbi’s average speed, we
need to know the total distance and the total timefor all threelegs of theride. We can find the

time to complete each leg of the ride by rewriting the formula as t :E. For the uphill leg,
r

3miles 3 7miles 1 .
o =———=—hour . For theleve leg, t =———="hour . For thedownhill leg,
uphill gmph 8 €0, lievel 4mph 2 e
_12miles _ 1

downhill —

———="—hour . Thetotal distancetraveled is 3+7+12 = 22 miles. Thetotal time
24mph 2

spent is g +% +% = %1 hours. Rewritethe original formulaonce moreas r = % . Wepluginthe
total distance and the total time to find the average rate (speed):
d _ 22miles _ 11 8

22+—==22x— =16mph
t 4 hours 8 11 P
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Each of the seriesis an arithmetic sequence. We could use the general formulafor finding the
sum of an arithmetic sequence: @xmunt . However, in this case, we can solve this
problem more quickly by using the special formulas for finding the sum of thefirst n even
integers, sum=nx(n+1) = 20x21=420, and for the sum of the first m odd integers,

sum=m? =15% = 225. The difference between these two sumsis 420-225=195, which isthe
answer.

Examinethe array. Aslong asthe number of rowsis even, the sum of each column will be equal.
For example, the sums of thefirst tworowsare 7, 7, and 7. Also note that the first two rows

nx(n+1)

contain thefirst 6 integers. The sum of thefirst nintegersis sum= . Thefirst tworows

contain the first 6 integers, whose sumis 21. Dividing this by 3, the sum of each column must be
7, which checks. Now let’sdo thereal problem. The array containsthefirst 102 integers. Since
102 isdivisible by 6, we know there are an even number of rows. The sum of these 102 integersis
m= nx(n+1) _102x103

2

=5253. Dividing 5253 by 3, the sum of each equal column is 1751.

Let’ srewrite the problem statement as mathematical sentences:
a+b+c=99
a+t6=b-6=cx5
Now, |let’srewrite the second equation to find ain terms of b. And again to find c in terms of b.
a+t6=b-6
a=b-12

b-6=cx5
b-6
——=C
5

Now, we can substitute for a and for c in the first equation, and then smplify:

a+b+c=99

(b—12)+b+(b;6j=99

(5b—60) +5b+ (b —6) = 495
11b- 66 = 495

11b = 561

b=51
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6. Hereisapicture, showing the stated problem:

y
4

xty<=4

00 4 8 x

The rectangle represents the range from which the point (x, y) can be chosen. The area of this
rectangleis 32.

The shaded triangle represents the range of interest. The area of thistriangleis 8.
The probability that a point selected from the rectangle will fall within the shaded triangle is %a.

7. Thereareatotal of 10 verticesin the pentagonal prism. If we choose any vertex, we could draw a
line segment to 9 other vertices. 3 of the 9 are adjacent. 6 of the 9 are non-adjacent From each
vertex, we can draw 6 line segments. Sincethere are atotal of 10 vertexes, we should be able to

draw 10x 6 = 60line segments. However, we have drawn each line segment twice. Therefore, the
total number of distinct diagonalsis 60+2=30.

8. Labe each bar asA, B, C, D. Thekey isthat three bars are known to be gold. One bar is known
to be counterfeit.

Step 1. Balance A versus B. If they are unequal, we know A or B isthe counterfeit, and that C
and D arereal gold. If they are equal, we know C or D isthe counterfeit, and A and B arereal
gold. In either case, we have two known gold bars and we have two questionabl e bars.

Step 2. Balance a known gold bar against one of the questionable bars. |If they are unequal, we
know for certain the questionable bar is the counterfeit. If they are equal, we know they are both
real gold. Thisleaves only one questionable bar, which must be the counterfeit.

It takes 2 weighings.

9. Let x bethetotal number of people at the party. The number of people at the party before Cedric
arrived was % x. Cedric added 1. Plus 6 more people. The number of people at the party should

now total 2x . Writean equation, and solve:
EX+1+6=EX
3 6
6X(2X+1+6j = 6><EX
3 6
4x+6+36 = 5x

4x + 42 =5x
42=x
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10. Thefirst row has 10 seats. Row 2 has 11 seats. Row 29 has 38 seats. Row 30 has 39 seats.

11.

12.

(There are always 9 more seats than the row number.)

Thefirst row will seat 5 students. The second row will seat 6 students. Thethird row will seat 6
students. The fourth row will seat 7 students. Etc. (If the number of seatsis even, the number of
studentsis n+2. If the number of seatsis odd, the number of studentsis (n+1) +2.

Let'smake atable. Thetablewill have columns showing the row number, the number of seats per
row, and the number of students per row.

coutn | Mol | i
1 10 5
2 11 6
3 12 6
4 13 7
27 36 18
28 37 19
29 38 19
30 39 20

Once you have this table, there are many ways to proceed. One way is to notice that number of
students that can be seated in rows 1 and 30 is 5+20=25. The number of students that can be
seated in rows 2 and 29 is 6+19=25. If we continue pairing rows likethis, wewill have 15 pairs of
rows, with each pair of rows seating 25 students. The auditorium will seat 15x25=375 students,
which is the answer.

Consider one side of the equilateral triangle. There are two squares, with a side common to the
side of thetriangle. (One square will lie completely outside thetriangle. The other square will
completely contain thetriangle.) Thereis also one square, with a diagonal of the square common
tothe side of thetriangle. Similarly, three squares could be drawn using each of the other sides of
thetriangle. Thetotal number of squaresis 3x3=9, which isthe answer.

On Monday, 1 person aready knew the secret (Jessica). Shetold 2 friends. 3 people know the
secret on Monday.

On Tuesday, 3 people aready knew the secret. The 2 people who just learned the secret told 4
friends. 7 people know the secret by the end of the day on Tuesday.

On Wednesday, 7 people aready knew the secret. The 4 people who just learned the secret told 8
friends. 15 people know the secret by the end of the day on Wednesday.

| see a pattern, here. By the end of the day on Thursday, 31 people will know the secret. On
Friday, 63 people will know. On Saturday, 127 people will know. On Sunday, 255 people will
know. On Monday, 511 people will know. On Tuesday, 1023 people will know. The answer is
Tuesday.

Solutions Copyright © Rocke Verser, 2001. All rights reserved.
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13. There are seven sticks, al of differing lengths. Three sticks are drawn from abox. Thetotal

manageable number, let’s enumerate all possible combinations. Then we will see which choices
make atriangle. (Three stickswill make atriangleif the sum of the lengths of the shortest two
sticksis greater than the length of the longest stick.)

Short(e; sick | Mi d((:ill\/le)sti c | Chioes lgf( i c;ngest ggfécir‘f"a?jgr‘e
(SM>L)
2 3 5,7, 11, 13, 17
2 5 7,11, 13, 17
2 7 11, 13, 17
2 11 13,17
2 13 17
3 5 7,11, 13, 17 7
3 7 11,13, 17
3 11 13,17 13
3 13 17
5 7 11,13, 17 11
5 11 13,17 13
5 13 17 17
7 11 13,17 13,17
7 13 17 17
11 13 17 17

If we tally the number of combinations, there are indeed 35 enumerated, which iswhat we expect.
If we tally the number of combinations which make atriangle, thereare 9. So the probability of

drawing three sticks which can make atriangleis %

Solutions Copyright © Rocke Verser, 2001. All rights reserved.
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14. Sincethe area of the original squareis 6, the side length of the original squareis sgrt(6). Let | be

the length, along the side which isfolded up. (Point A will be d =21 unitsfrom itsoriginal
2

position.) Theblack areaishalf of asquare. Itsareawill be % . Thewhite areais a square

removed from a square. Itsareawill be 6-12. The problem says these areas are equal. Equate
and solve:

|2
—=6-12
2

2
2><%=2><(6—I2)
12 =12-2|?
3%2=12
12=4
| =2

d=+2x
d=\/§><2
d=2y2

15. If aand b are positive integers, theright hand sideis a continued fraction representation of the left-
hand side. To solve, invert the equation, drop the integer portion, and repeat.

Recognize the 3-4-5 triangle or use to Pythagorean theorem to find the length of the hypotenuse.
Finally, use the Pythagorean theorem to find the length of the remaining side of the quadrilateral.

P+x2=5, x?=5-12=25-1=24. x=+/24=+/4x6 =/4x,/6 =26 . Theareacf the
3-4-5triangleis $bh=24x3=6. Theareaoftheothertriangleis%bh=%2\/§><1=\/§. Sothe

total area of the quadrilateral is 6++6.

Solutions Copyright © Rocke Verser, 2001. All rights reserved.
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17. [This problem contains an ambiguity. The problem permits the balls to be placed “in any
combination” into two containers. The problem goes on to state that a ball is selected from a
container. However, the problem does not state what happens if an attempt is made to draw a ball
from an empty container. Based on the answer key, it appears the author of the question intended
the ballsto be placed in two containers—not “in any combination”, but with the restriction that
each container must contain at least one ball. In my opinion, the most correct answer would beto
state that “not enough information is provided”.]

Y ou could enumerate all 36 combinations (since the two boxes are interchangeable, there are 18
unique combinations). However, intuition can guide you towards a likely solution.

Consider if you put al of thered ballsin container A and all of the green ballsin container B. The
chance of winning if container A isdrawn is0in 5. The chance of winning if container B is
chosenis5in 5. Overall, the chance of winning is%2. If we removed some green balls from
container B, the chance of winning with that container will still be unity. If we put these ballsin
container A, the chance of winning with that container increases with each ball added. This
intuition suggests that placing one green ball in container B and all the remaining ballsin
container A would be a good solution. In this case, if container A were chosen, the chance of
winning is4in 9. If container B were chosen, then chance of winningis1lin 1. Overal, the

oo 1.4 1.1 1 (4 j_l 13 _13
chanceof winningis =x—+=x===x| —+1|==x"—=—,

2 9 21 2

9

To be sure, we can make a table enumerating all possibilities:

Box A Box B X.:p(wi nn@ng Y.:p(wi nnj ng X+Y p(winning)=
R:G R:G |fckr)100>;§])|s |fckr)]oo>;§])|s (approximate) (z(;;(c)t/)z
5+5 0+0 5/10 = 0.50 0/0 Undefined Undefined

(Undefined)
5+4 0+1 4/9=0.44 1/1=1.00 144 13/18
5+3 0+2 3/8=0.38 2/2=1.00 1.38 11/16
5+2 0+3 2/7=0.29 3/3=1.00 1.29 9/14
5+1 0+4 1/6=0.17 4/4=1.00 117 7/12
5+0 0+5 0/5=0.00 5/5=1.00 1.00 12
445 1+0 5/9 =0.55 0/1=0.00 0.55 5/18
444 1+1 4/8 = 0.50 1/2=0.50 1.00 12
443 1+2 3/7=0.43 2/13=0.67 1.10 23/42
442 1+3 2/6 =0.33 3/4=0.75 1.08 13/24
4+1 1+4 1/5=0.20 4/5=0.80 1.00 12
4+0 1+5 0/4=0.00 5/6 = 0.83 0.83 5/12
3+5 2+0 5/8 = 0.63 0/2=0.00 0.63 5/16
3+4 2+1 4/7=0.57 1/3=0.33 0.90 19/42
3+3 2+2 3/6 = 0.50 2/4=0.50 1.00 12
3+2 2+3 2/5=0.40 3/5=0.60 1.00 12
3+1 2+4 1/4=0.25 4/6 = 0.67 0.92 11/24
3+0 2+5 0/3=0.00 5/7=0.71 0.71 5/14

Solutions Copyright © Rocke Verser, 2001. All rights reserved.
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18. Mark the center of the circle, C, and draw aradius to each of the three tangent points, which |
label asD, E, and F.

r

c E

r

A 3cm D o

Because OAB is defined to be a quarter of acircle, line segments OA and OB are perpendicular to
each other. Sincethecircleistangent to the sector, radii CD and CE are perpendicular to OA and
OB, respectively. Therefore, ODCE isasquare. Thelength of the diagonal OC of square ODCE

is v/2r .
By symmetry, F isthe midpoint of arc AB. Therefore, points O, C, and F are collinear. The
length of |OF| is |OC[+|CF|, which is J2r +1. Sincethe length of |OF| is given as 3 cm, we can
now solve for r:

Jor+r=3

r(\/E +1)= 3

3
V2+1
T V2-1

J2+1 42-1
r=3‘/§_3=3\/§—3

2-1

r=

19. Sketch the semicircular garden.

The area of thisfigureis half the area of acircle, Azénz.

The perimeter of thisfigureis half the perimeter of acircle, plustwo radii:
P:%ZIT +2r =g +2r =(2+m)r

Now, we simply set the perimeter equal to twice the area, and solve for r.
(2+mr ZZX(%ITZJZITZ

2+T=71
2+ 2
r= =—+

—+1
T

Solutions Copyright © Rocke Verser, 2001. All rights reserved.
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20. Thelast equationisintermsof o, n, and s. Rewritethefirst three equationsto expresso, n, and s
interms of u, ¢, and t. Then substitute in the last equation and solve. The u and ¢ terms cancel

each other out.
c+o=u o=u-c
u+n=t n=t-u
t+c=s s=t+c

otn+s=12
(u-c)+(t-u)+(t+c)=12
u-c+t-u+t+c=12
u-u-c+c+t+t=12
2t=12
t=6

21. Multiply numerator and denominator by (x-1), and by (x+1). Thiswill eliminate the compound
fractions. Then expand the quadratic equations and combine like terms.
X+l x-1
x-1 x+1,x-1
x+1 4 X -1 x-1

x-1 x+1
_n2
x+1—(X D
x+1  X+1
_1\2
x+1+7(x D7 x+l
X+1

(x+1)* - (x-1)?
(x+1)?+(x-1?

(X% +2x+1) = (x? - 2x +1)
(X2 +2x+1) + (x% —2x+1)
2X+2X
2x%+2
2X
x2+1

Solutions Copyright © Rocke Verser, 2001. All rights reserved.
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| believe this problem requires you to know some of characteristics of a 30-60-90 triangle.

The first method uses the somewhat obscure formula r :Z—I;A . l.e, theradius of acircleinscribed

in atriangleis equal to twice the area of the triangle divided by the perimeter of thetriangle. The
radiusis known, and the area and perimeter are fairly simple functions of the length of side AB.
Solving for the length of side AB is straightforward.

The second method is probably a little smpler for this problem.
B

6

\ A

C E

Theinscribed circleis tangent to each side of thetriangle. The points of tangency are marked D,
E, and F, and aradiusis drawn to each point of tangency. Each radius makes aright angle with
the corresponding side of the triangle.

=)

An additional line segment is drawn from O to B. Triangles ODB and OFB are congruent 30-60-
90 triangles. By the properties of a 30-60-90 triangle, | DB|=|OD | x/3=64/3.

Since OECD is a square, the length of CD is6. Thelength of CB is6+643. Thelength of the
hypotenuse, AB, istwice the length of CB,or 12+12/3.

For this problem, I'll make atable containing n, n-3, |n|, and |n-3]. Then test which values meet
the condition of the problem

n 7| 6| 5| 4| 3| =2]-1 0 +1 | +2 | +3
n-3 -0 9| 8| 7| 6| 5| 4| 3| =2]|-1 0
In| +7 | +6 | +5 | +4 [ 43 | +2 | +1 | O | +1 | +2 | +3
|n-3 +10( +9 [ +8 | +7 | +6 | +5 [ +4 | +3 | +2 | +1 | O

Inj<|n-3]<9 | F F T T T T T T T F F

n, where
condition S5 (4| 3| =22|-1 0 +1

istrue

The answer is the sum of the values, n, where the condition is true.
-5-4-3-2-1+0+1=-14.

In the top row, alone, there are 10 rectangles. In the bottom row, aone, there are 10 more
rectangles. There are 3 more rectangles that are two rows high. A total of 23 rows are present.

Solutions Copyright © Rocke Verser, 2001. All rights reserved.
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In aregular hexagon, there are three pairs of opposite sides, which are parallel and equidistance

apart. Theaverage length of the specified perpendicularsis 7. Asit happens, there are three pairs
of perpendiculars which total 14, {2+12, 4+10, and 5+9}.

v

A regular hexagon can be drawn as six congruent equilateral triangleswith acommon vertex. The
information supplied indicates the altitude of thesetrianglesis 7. For an equilateral triangle,
2a _2x7 _14 _E\@

V3 V3 3 3
Since this problem involves base-6, the first several powers of 6 may be useful. They are 1, 6, 36,

and 216. Ahal Thisproblem will be smpleif we convert the multiplicand and multiplier to base
6, first. 217,, =216+1=1001; and 45,; =36+6+1+1+1=113;. Now we perform the

multiplication in base 6: 1001 x113; =113113,. The unitsdigit is 3.

a= 3><§. Rewriting, s=

We can also solve this problem using modular arithmetic. 217 modulo6 = 1. 45 modulo 6 = 3.
(217 x 45) mod 6 = (217 mod 6) x (45mod6) =1x 3=3. The base-6 units digit of the product is 3.

My plan isto label each node (intersection) of the map with the number of ways of arriving at that
node. The problem sayswe start at point A. Begin by labeling point A with “1”, sincethereis
just oneway to get there. For each of the remaining nodes, we can arrive at the node from the | eft
or from above. Therefore, the number of ways of getting to a node equal the sum of the number of
ways of getting to the node above plus the number of ways of getting to the node to the left. In
several cases, thereis no path from the left or from above. Following is my labeled diagram,
which | completed by working from the upper |€ft to the lower right. The completed diagram
shows the total number of ways of arriving at point B is 160, which isthe answer. [Note the
resemblance of the upper left corner of our graph with Pascal’s Triangle]

A 1 1
) 3 4 sl 6 7 8 o] 10
1 3 [ 10 10 10 17 25| 34 44
1 4 10) 20| 30' 40| 57 82| 116 160 B

Solutions Copyright © Rocke Verser, 2001. All rights reserved.
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28. Here, we manipulate some equations symboalically, then substitute the known values specified in
the problem:

(a+b)(@®+b?%) =a*+a’h+ab” +b*
3(a+b)(a® +b?) = 3a* +3a%h + 3ab? + 3b°
(a+b)® =a®+3a’b+3ab? +b°
3(a+b)(@® +b?) - (a+b)® =2a +2b°
302 -(©° =2(a° +b°)
5=2(a® +b?)

ad +p° :E
2

Alternatively, we can rewrite the first equation as b=1-a. Substituting for b in the second
equation, and simplifying, we have the quadratic equation, 2a? —2a-1=0. Using the quadratic

formula, we can find aziiﬁ, and then bziiﬁ. Compute:
2 2 2 2
a3:§i3\/§
4 4
b3=é$3\/§
4 4
aS+b3:E
2

29. The problem asks usto find the total area of the shaded sections. In the circleto the right the
shaded section is 1/8 of the total shaded area on the left.

The shaded section in the circleto theright is the area of a quarter circle minus the area of the
triangle. The area of the quarter circleis %nr2 = %7142 =4yr. Theareaof thetriangle

bxh 4x4
2

is =8. Theshaded areais 471 —-8. Thetota areais 8 timesthis, or 3271 — 64.

Solutions Copyright © Rocke Verser, 2001. All rights reserved.
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30. First, I'll rewrite the word problems in number sentences:
Cg =1.6xC¢
Vg =0.75%xVg
Cs =0.75xCyq
4
VG = EXVF

The problem tells us that Fresh costs $1.00 per unit volume. Let’s assume a 3 ounce package of
Fresh costs $3.00. Cr =$3.00, Vg =30z.
Now, we can solve the equations to find the cost and volume of Glow:

Cg =1.6xCg =1.6x3.00 = $4.80
4 4
Ve =—xV =—x%x3=40z
¢ 3 F 3
Cs =0.75xCg = 0.75% 4.80 = $3.60

Finally, the problems asks for the number of cents per unit volume for Glow, which isthe cost
divided by the volume:

Co _ 360
VG

=$.90 = 90 cents

Solutions Copyright © Rocke Verser, 2001. All rights reserved.
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1. Theproblem shows four points arranged in a unit square. If we choose any 2 points, there are two
distinct unit circlesthat pass through the two points. (The center of onecircleison one side of theline
between the points. The center of the other circleis on the other side of the line between the points.)
Since the number of combinations of 4 things taken 2 at atimeis 6, and there are two circles per pair,
there are amaximum of 12 circles. The centers of four of the circles are outside the square. The
centers of four of the circles areinside the square. And the centers of four of the circles correspond to
corners of the square. Since none of the 12 circles are repeated, the answer is 12.

2. Let| represent Otto'sinitial investment in internet stocks. Using just the second sentence, we know
thetotal value of Otto’s portfolio at the end of the year is 1.10x | +9000. Using just the third

sentence, we know the total value of Otto’'s portfolio at the end of the year is 1.06x (1 +10000) . We
can set these equal and solve:

1.10x 1 +9000 =1.06x% (I +10000)
1.10x | +9000=1.06x1 +10600

0.04x1 =1600
| =40000
1.1x1 =44000

At the end of the year, the value of the internet stocks is $44,000.

3. Theratio of the surface area of sphere A to the surface area of sphere B is 1.96:1. Theratio of the
radius of sphere A to the radius of sphere B is /1.96: V1=14:1. Theratio of the volume of sphere

A to the volume of sphere B is 1.4° : 13 = 2.744: 1. Therefore, the volume of sphere A is 174.4% more
than the volume of sphere B. Rounded to the nearest whole number, the answer is 174%.
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4. Wearegiven f(1) and f(2), and aformulafor finding f(n), given f(n-1) and f(n-2). We solve for f(3),
f(4), and f(5):x
fo=-1
f(2)=3
f(3=3f(Y-2f(2)=-3-6=-9
f(4)=3f(2)—2f(3) =3x3-2x(-9) =9+18=27
f(5) =3f (3) - 2 (4) = 3x(-9) - 2x 27 = 27 -54= -81

The answer is-81.
5. Thenumber of permutations of 4 thingsis 4! = 24. Thisissufficiently few so that we can list all of the

permutations. Assuming the CDs properly would bein the order A B C D, we mark the permutations
where exactly two CDs are in the wrong case:

ABCD BACD CABD DABC
ABDC BADC CADB DACB
ACBD BCAD CBAD DBAC
ACDB BCDA CBDA DBCA
ADBC BDAC CDAB DCAB
ADCB BDCA CDBA DCBA

There probahility that exactly two CDs arein thewrong caseis % = % .

We could also have solved this by finding the number of combinations of 4 thingstaken 2 at atime (6),
and divided that by the total number of permutations (24).

6. | symbolicaly list each of the six distinct three-digit numbers, and prepare to sum them:

abc
ach
bac
bca
cab
+cha

The sum of each place position is 2a+2b+2c. Therefore, the actual sumisequal to
200a +200b + 200c + 20a+ 20b + 20c + 2a + 2b + 2¢ = 222a +222b + 222c = 222(a+b+c).

The greatest positive integer divisor of this sum, regardless of the choices of a, b, and ¢, is 222.

7. TriangleBFGissimilar totriangle BHC. Thelength of BF isin theratio 1:3 to the length of BH, so
the areas of thetriangles arein theratio 1:9. The area of triangle BHC is %th=%X18><24=216.

Therefore, the area of triangle BFG is 216/9 = 24. The area of quadrilateral CGFH is 216-24 = 192.
Since the figure is symmetric about line CH, the area of the pentagon CDEFG is twice the area of
quadrilateral CGFH, or 384.
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8. Sincex andy aresingle-digit prime numbers, they must be 2, 3, 5, or 7. Thereare only 12 possible
combinations, so we can enumerate all of them:

10x+y Y)(10x+y)
75 (not prime)
73 1533
72 (not prime)

57 (not prime)
53 795
52 (not prime)
37 777
35 (not prime)
32 (not prime)
27 (not prime)

N N W W w o1 o1 o1 N N N [X
O N N 0O N N W N N w o [

25 (not prime)
23 138

N
w

Thelargest 3-digit product is 795, which is the answer.
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1. Thegoal isto keep the volume of the jar constant. Since volume is athree-dimensional measurement,
the volume is proportional to the height times the square of the radius of thejar. If we assumethe old
volume and the old radius were each unity, then the product of the new height times the square of the
new radius must remain equal to 1:

hoid XToig =1
1x12 =1
hxr? =1
14xr?=1
r 00.8451
Theradius has decreased by about 15.49% from its original value. The answer is 15.5%.
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Let a, b, and ¢ be the smallest number, the middie number, and the largest number. | write number
sentences for each statement in the problem:
a+b+c=165
7a=n
c-9=n
b+9=n
Restate a, b, and ¢ in terms of n, and substitute into the first equation:

n
a=-—
7

c=n+9
b=n-9
a+b+c=165

(;J+(n—9)+(n+9)=165

(ﬂj +2n=165
7

n+14n=165x%7
15n =1155
n=77
n_7r7_

a=— 11
7 7

b=n-9=77-9=68
C=n+9=77+9=86
a+b+c=11+68+86 =165

Finally, the product of a, b, and cis 11x 68 x 86 = 64328.
This problem can be solved by algebra, but it may be quicker to use a Guess and Check table. Let's

guess the number of free hours. Then compute the price per hour for Wells and Ted and compute the
price per hour for Vino. When they match, we should have our answer.

Free Hours Wels&Ted's Wells& Ted's Vino's Vino's

0 Paid Hours Price per Hour PaidHours | Price per Hour
(105 — 2f) ($10/pd) (105 —f) ($26/pd)

10 85 ~$0.1176 95 ~$0.2737
20 65 ~$0.1538 85 ~$0.3058
30 45 ~$0.2222 75 ~$0.3467
40 25 $0.40 65 $0.40
50 5 $2.00 55 $0.4727

Therates for Wells and Ted match the rate for Vino when there are 40 free hours. Therateis 40 cents

per extra hour.
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As can be seen in the problem diagram, all runners must run 1200 meters in the East-West direction.
All runners must also run 800 meters (300 meters + 500 meters) in the North-South direction. Using

the Pythagorean theorem, the shortest possible distance is ¥12002 +8007? [11442.221. Thiscan be

visualized by replacing the wall with amirror. The shortest distance from A to B, which touches the
wall, isthe same as the distance from A to the reflection of B in the mirror. The answer is 1442
meters.

1
I
I
I
I
I
I
B'

If Babrolls2, 3, or 5, hewill eat unsweetened cereal. If herolls4 or 6 hewill eat sweetened cereal. If
herollsal, he'll just keep rolling again and again until he rollsa 2 through 6. On any given day, the
chances he'll eat unsweetened cereal are 3/5, and the chances he'll eat sweetened cereal are 2/5.
Loosely speaking, in ayear of 365 days, Bobis most likely to eat unsweetened cereal about 3/5 of the
days, or about 219 days. Heismost likely to eat sweetened cereal about 2/5 of the days, or about 146
days. Soheismost likely to eat unsweetened cereal about 73 days more than he'll eat sweetened
cereal.

The diagonal of the large cubeis 4102 +10% +10% =103 . Thediagonal of the small cubeis 4y/3 .

Sincethe small cubeis centered within the large cube, these diagonalsare collinear. Thedistancefrom
the corner of one cube to the nearest corner of the other cubeis half the difference in the length of each

cube' sdiagonals. The answer is 3/3.

Sketch a Cartesian coordinate system. Sketch theline x=—3. Also, the set of points 10 units from the
point (5,2) isacircle centered about the point.

I\

Rl

Ly

(-3.8),
=10

(5.2)

|

]
<\
|

Loy

The problem requires you to find the y-coordinates which are on the circle and on the line x=-3. If you
notice that the x-distance is 8 units (5 — (-3) = 8), and if you natice the diagonal of thetriangleis 10,
you should recognize you have 3-4-5 triangles. The y-distance istherefore 6 units. (You can also use
the Pythagorean theorem or the distance formula, which are equivalent.) The y-values must be

2+ 6=8 or —4. Finaly, wefind the product of these y-coordinates = —-32.

\

/

Solutions Copyright © Rocke Verser, 2001. All rights reserved.
-3-



MATHCOUNTS
m 2001 National Competition m Team Round Solutionsm Problems 1-10 m

8. The probability of rollingalor a6is1/3. The probahility of tossing aheadsis 1/2. The probability

of both events (of winning on agiven turn) is %X% :% . Sothe probability of not winning on agiven

turnis 1—% =§ . The probability of not winning on two consecutive turnsis gxg . And the

3
5) :%. So the probability of winning

probability of not winning on three consecutive turnsis (— 16

on or beforethethird turn is 1—% :ﬂ. Thisisthe answer.

216 216

9. Rather than solving this symbolically, it may be easier to just plug in anumber for u. Let’stry u=1.

Then we have the three side lengths equal to 1, /3, and 2. Thisshould be recognized as a 30-60-90
triangle. In this case, thelargest angle is 90 degrees, so that should be the answer. However, we now
have a theory that's easy to prove. Sum the squares of the smaller two sides and compare with the
square of the larger side. The squares of the smaller sidesare 2u-1 and 2u+1. Thesumis4u. The
square of the largest sideisalso 4u. The sidesfit the Pythagorean theorem, regardless of u, so the
largest angle must be 90 degrees.
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10. Draw aperpendicular line segment from B tolinen. Label the point of intersection as F, and |abel the

length of thisline segment as 7. Draw a perpendicular line segment from D tolinen. Labe the point
of intersection as G and label the length of this line segment as 9.

A D
P
\ 9
F
7 G
C
B
n
m

BFCisaright angle. CGD isaright angle. Angles BCF and GCD are complementary. This makes
triangle BFC similar to triangle CGD. Since the hypotenuses of these triangles are sides of the square,
the triangles are congruent.

Draw aline segment from A perpendicular to DG. Label the point of intersection asH. Extend line
segment BF to intersect AH at point E.

A D
T~N9 7 P
2E2H
° 9
2
7 9

C
B
n
m

Our diagram is now complete. We have four congruent triangles, BFC, CGD, DHA, and AEB. Each
of thesetrianglesis aright triangle with legs 7 and 9. The area of each of thesetrianglesis

%b xh =%7 x9=315 units. Thetota areaof thetrianglesis 126 units. In the center is square

EFGH. Thesidelength of thissquareis2 and itsareais4. Thetotal area of square ABCD is
126+4=130 sguare units.
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