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In [Proc. Amer. Math. Soc.131 (2003), no. 11, 3335–3344 (electronic);MR1990621
(2004b:11102)] the first author gave the following construction ofZ-linear forms involving
Euler’s constantγ = limn→∞(

∑n
k=1 1/k− log n) and logarithms:

(∗) d2nIn ∈ Z + Zγ + Z log(n +1) + Z log(n +2) + · · ·+ Z log(2n),

where

In =
∫∫

[0,1]2

xn(1−x)nyn(1− y)n

(1−xy)| log xy|
dx dy,

dn denotes the least common multiple of the numbers1, 2, . . . , n, and limn→∞ d2nIn = 0. This
type of approximation allows one to deduce some irrationality criteria for Euler’s constantγ, for
which irrationality has not yet been proved.

In the paper under review, using aq-analog of the logarithm

lnq(1 + z) =
∞∑

ν=1

(−1)ν−1zν

qν − 1
, |z|< |q|,

with q > 1, the authors prove an inclusion analogous to(∗):

d2nIn,2n ∈ Z + Zγ + Z log 2 + Z ln2

(
1 +

1
2n

)
+ Z ln2

(
1 +

2
2n

)
+ · · ·+ Z ln2

(
1 +

2n− 1
2n

)
,

where

In,m =
∫ 1

0

(1−x)m

(1 +x)

∞∑
ν=n+1

x2ν−1 dx

and limn→∞ d2nIn,2n = 0. Using this inclusion, the authors give irrationality criteria for Euler’s
constant as well as asymptotic formulas for computingγ. (Note that another extension of Sondow’s
approach can be found in the reviewer’s papers [K. Hessami Pilehrood and T. Hessami Pilehrood,
Math. Z.255(2007), no. 1, 117–131;MR2262724; J. Number Theory108(2004), no. 1, 169–185;
MR2078662 (2005e:11095)].)

On the other hand, the authors prove some new formulas for Euler’s constant. It should be
noted that the quantityIn,m is a generalization of the famous Catalan integralI0,0 for γ. Using this
integral the authors give a new proof of Gosper’s acceleration of Vacca’s “base 2” series for Euler’s
constant and then generalize Gosper’s series to baseq. They also attempt to find a generalization
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of integralIn,m to baseq and succeed only for the caseq = 3.
Reviewed byKhodabakhsh Hessami Pilehrood

References

1. Bailey, W.N.: Generalized Hypergeometric Series, Cambridge Math. Tracts Vol. 32 Cambridge
Univ. Press Cambridge (1935) 2nd reprinted edition New York–London Stechert-Hafner (1964)
MR0185155 (32 #2625)

2. Berndt, B.C., Bowman, D.C.: Ramanujan’s short unpublished manuscript on integrals and
series related to Euler’s constant. Constructive, Experimental, and Nonlinear Analysis (Limo-
ges, 1999) CMS Conf. Proc. M. Thera Amer. Math. Soc. Providence, RI,27, 19–27 (2000)
MR1777613 (2002d:33001)

3. Borwein, P.: On the irrationality of
∑ 1

qn+r . J. Number Theory.37,253–259 (1991)MR1096442
(92b:11046)

4. Catalan, E.: Sur la constante d↩Euler et la fonction de Binet. Liouville J.I (3), 209–240 (1875)
5. Gosper, Jr. R.W.: Personal communication (7 May 2002); Item 120: Accelerating series. HAK-

MEM Artificial Intelligence Memo No. 239 Massachusetts Institute of Technology, A. I. Lab-
oratory (1972); http://www.inwap.com/pdp10/hbaker/hakmem/hakmem.html

6. Rosser, J.B., Schoenfeld, L.: Approximate formulas for some functions of prime numbers.
Illinois J. Math.6, 64–94 (1962)MR0137689 (25 #1139)

7. Sebah, P.: Personal communication (17 December 2002)
8. Sondow, J. Criteria for irrationality of Euler’s constant. Proc. Amer. Math. Soc.131,3335–3344

(2003)MR1990621 (2004b:11102)
9. Sondow, J.: A hypergeometric approach, via linear forms involving logarithms, to irrationality

criteria for Euler’s constant; E-print math.NT/0211075 (November 2002)
10. Vacca, G.: A new series for the Eulerian constantγ = .577 . . . . Quart. J. Pure Appl. Math.41,

363–364 (1910)
Note: This list reflects references listed in the original paper as accurately as possible with no

attempt to correct errors.

c© Copyright American Mathematical Society 2007

/mathscinet/search/publications.html?pg1=IID&s1=651724
/mathscinet/pdf/185155.pdf?pg1=MR&amp;s1=32:2625&amp;loc=fromreflist
/mathscinet/pdf/1777613.pdf?pg1=MR&amp;s1=2002d:33001&amp;loc=fromreflist
/mathscinet/pdf/1096442.pdf?pg1=MR&amp;s1=92b:11046&amp;loc=fromreflist
/mathscinet/pdf/1096442.pdf?pg1=MR&amp;s1=92b:11046&amp;loc=fromreflist
/mathscinet/pdf/137689.pdf?pg1=MR&amp;s1=25:1139&amp;loc=fromreflist
/mathscinet/pdf/1990621.pdf?pg1=MR&amp;s1=2004b:11102&amp;loc=fromreflist

