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Any discrete (closed) binary, or Boolean, space is recursive. That is, if the outputs of functions are
repeatedly forward-fed into those functions, those outputs will present themselves again for processing.
That is, the full functionality of an operator reproducesitself. Each of the 16 operators, or functions, in
a two variable systemis a self- maintaining (homeostatic) automaton in logical space. The homeostatic
character of the function is displayed by that recursion. As larger binary spaces are comprised of the
functions (partial or complete), functional recursion may open the way to analysing basins of attraction
in spaces produced by the random concatenation of operators to reveal the character of pattern
generation. Further, recursion of binary logical operators may have correlates in biological neural

networks.

1 SynopSIs

Any discrete (closed) binary, or Boolean, space is
recursive. That is, if the outputs of functions are
repeatedly forward-fed into those functions, those
outputs will present themselves again for processing.
That is, the full functionality of an operator reproduces
itself. Each of the 16 operators, or functions, in a two
variable system is a self- maintaining (homeostatic)
automaton in logical space. The homeostatic character of
the function is displayed by that recursion. As larger
binary spaces are comprised of the functions (partial or
complete), | suggest that functional recursion may open
the way to anaysing basins of attraction in spaces
produced by the random concatenation of operators to
reveal the character of pattern generation.  Further,
recursion of binary logical operators may have correlates
in biological neural networks. Two issues emerge about
how to approach pattern analysisin binary space.

First, the way each operator renders an environment
displays its information processing character and
efficiency. The character of a function’s recursion is
revealed by its outputs, and efficiency is measured by
how rapidly an operator manages the complexity of the
other functions it processes. (There is no issue of
accuracy in such a measurement, since the outcome is
deterministic.) Both character and efficiency may be
components in discovering the sources of patterns in
basins of attraction or deciphering what appears to be
noise in digital space.

Second, prioritisation schemes in a parenthesis-free
notation might be based on such an efficiency in order to

measure overall computational efficiency in the system.
Ranking of operators in a parenthesis-free (ungrouped)
expression based on information processing efficiency
also may be a means for exploring the basis of efficient
logical thinking, or how fast a person can process logical
alternatives to arrive at a correct conclusion.

2 The system's syntax — Structure of
thefunction

There are 16 operators generated from a binary
relationship schema, each operator being a function with
a specific degree of complexity, as will be discussed
informally below. We aobtain descriptions of functions
with the permutations of symbols, such as 0 and 1 (00,
01,10, and 11), resulting in a logical space (table of
functional completeness) in the form of a 4 row by 16-
column table, with each column headed by functions f,
through fis. | use the symbol set {0,1} to indicate
columns that start with 0000 under the f, operator and
end with 1111 under fi5. This would be O through F in
hexadecimal .

fo | fo|fo|fa]fa|fs|fe|f7]fa|fo|fio]fia|fio|f1a]fia|fis
ojojojojojojojoj1f1y2y2jy2y2y2y2
ojojojoj1fjrj1fr1jojojojojay1y2y1
ojoj1J1jojoj1jr1jojojy1j1jo0Jjoj1jy1
oji1joj1joj1jofr1jofr1yjoy1joJ1jojy1

Figure 1. Table of Functional Completeness.
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All 16 relationships display how the first element is
related to the second for each permutation of 0 and 1.
For example, 0011 (the "0" often regarded as a "false"
and 1 as "true") can be related to 0101 as 0111, and we
call the relationship "or" (0 or 0=0, 0 or 1 = 1, etc.).
Each function, then, is an ordered set of four elements.
Note also that 0011 (or {0011}) is fz and 0101 isfs. In
standard truth table form using placeholders p and g for
the functions f; and fs, respectively and systematically
displaying al four permutations of 0 and 1 in a binary
relationship, f; is:

pla porg
oo 0
01 1
1]0 1
11 1

Figure 2: Permutations of 0and 1.

Each row of the function is a "deductive instance," where
there is a description of a specific relationship between
two points in space-time. The third row for example has
the deductive instances of 1 and O to yield 1.

The functions, or operators, both process information in
logical space, and are, themselves, units of information.
Alpha characters are placeholders, or the variables, for
functions, asin p U (g E r), where the number of rows in
the "truth table" rendition of the expression equals 2", n
being the number of variables. With p * g, the number of
rows required to describe a function completely equals
four, where * is any function consisting of the four bits
representing particular deductive instances. P * q * r
requires eight rows, p* g * r * s needs 16 rows, and so
forth. As soon as one determines the number of
placeholders for values, the size of logical space is
automatically determined, as well. However, the 4 rows
by 16 columns logical space is the basic building block
of these larger logical spaces, as may be seen by
inspection. There are two types of logical space: pre-
determined and sequentially ordered by the number of
variables (as illustrated above), and space resulting from
operations (such as a "truth table" computation). In a
formal deductive proof, premises, including expressions
of coupled functions, imply conclusions by the means of
rules (axioms, inference rules, and equivalences). It must
be borne in mind that every premise, intermediate
expression, and conclusion in a proof is afunction.

3 Thesystem

The system in which the functions, or operators, perform
is closed, and both functions and system seek to maintain
integrity. Disorder, the breakdown in explicit placement
of elements, results when the system accepts information
not aready found within its universe; certainty turns to
probability. Deduction is a closed process, where any
function or coupling of functions as a rule or rules, and
entities upon which those rules act, yields a result
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predetermined by that coupling. (Recall that a function
also is information.) In common parlance, "if the
premises are true, the conclusion must be, as well."
There are two aspects of deduction. First, there is system
deduction, where an introduction of information outside
the system, such as a function other than the ones within
the system or an arbitrary extension of logical space with
other functions disorders the system. A second aspect
concerns maintaining the integrity of structures within
the system. This could be called subsystem deduction.

4 Functional Recursion

If the operator is continuoudy "fed" two functions at a
time without regard to previous output, there will result a
logical space with a pattern (Wuensche and Kauffman,
Chapter 5). Since each output is binary, it will be found
as a column in logical space, hence contained within the
system and deducible. It is not new information.

Emerging patterns from these ostensibly randomly
coupled operations in a closed system suggest a way of
discovering the nature of that reputed randomness. If we
can place restrictions on how the information is given to
the operator, we can see that the repetitive character of
the operators within the space shows functiona self-
mai ntenance.

By feeding the outputs back to the four-digit operator as
inputs, the outputs eventually will be repetitive, meaning
that the function has stabilized. A systems analysis view
provides a reason for this. Think of abinary relationship,
such as p & q as being an atomic proof, that is, “{0011}
and {0101}. Therefore {0001}.” A deductive logic
proof seeks stability. In the case of self-maintenance, the
proof will accept information (other functions) as
premises and process them, ultimately reaching a goal
state of stabilization, where the output is a repetition of
the input. Feeding this input back into the proof as
premises simply repeats the proof. For both the function
and proof, there is no longer produced any new
information, there being be stabilization, the function(s)
having reached the goa or deductive state. A full
complement of information has been processed by the
function. A system (be it a single operator interacting
with other operators or a proof) that interacts with its
environment and maintains itself in a state of equilibrium
is called a homeostatic automaton. The next section
describes its mechanics.

5 Structure and process of the
binary homeostatic automaton

Keeping with our designation of p and q variables as
placeholders for functions [f«(p, )], the recursion, using
f, as an example works in the following manner. (Note
that each function is an ordered set.)

1. fyffafe) = f,. {0010} ({0011}, {0101}) = { 0010}
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2a. f,(f,, f5) = f,, {0010} ({0010}, {0101}) = {0010} =
{0010} The"p" half terminates, since the output of f,
is a repetition of a previous output, f, and its
reprocessing as an input obviously will result in
another repetition of f,.

2b. fy(fs fy) = f. {0010} ({0011}, {0010}) = {0001}
(Note that the order to be evaluated is f3, f,, and NOT f,,
f3)

3a fy(fy,fs) = fp {0010} ({0001}, {0101}) = {0010} =
{0010} This half now is fo, by virtue of 2b and
continues on with f2(fo,fs) and fx(fs,fo).

3b. fy(f3fy) = 2 {0010} ({0011}, {0001}) = {0010}
This half terminates with 4, by virtue of 2b.

The function is unstable ultimately for only four
iterations.

A state diagram exhibiting its homeostatic behaviour
may represent each operator. For example, these are the
state diagrams and graphs for the f; and fg homeostatic
functions.

4

Branchings

Iteration 1
f+(f7,fs) ® f, %)

f(fs,f5)® f7

f7(fs,f7) ® f4|

Figure 3: State Diagram for f;,

Every time a set of p and q variables is used, there is
created a branch, or divergence. In f; there are two
branches, one for the f; function in the p placeholder, and
the other for the f; in the q placeholder. The graph for f;
is:

F7

f7(f7,f5)=f7
7(£3,7)=f7

Figure 4: Graph for f5,

f7(£3,17)=f7

The state diagram for fy is:
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fo

| Iteration 1 Iteration 2 [ Iteration 3

* fo(fa,fs) ® fobe fo(fs,fs) ® fug|
fo(fo,fs)® f3 fo(f1s,fs) ® fs

fo(fafs) P fol

fg(fg,fg) ® f15

fo(fa,fs) ® fo

fg(f3,f15) ® fg

fg(f3,f3) ® f15|

‘ fg(f5,f5) ® f15|

‘ Branchings ——»

fo(fa,fo) ® f

fo(fa.fs) ® fol

Figure 5. State Diagram for fq,

In fe, there is one branch for the p side of the diagram,
but there are ultimately three branches, or divergences on
thegside. Thegraphfor fyis:

Fo

f9(f3,f5)=f9 f9(f5,f5)=f15

f9(f9,f5)=f3

19(13,{3)=F15 f9(13,5)=f9

19(13,f15)=13

19(15,{5)=f15

Figure 6: Graph for fq,

Each of the 16 functions is recursive, i.e., f. (fz, fs).
Furthermore any function over any other two functions,
f(fn,fp) is recursive, as well, because there can be only a
maximum of 16 iterations (only 16 unique functions) on
any branch before there is a repetition of one of the
previous. Perforce, even if there are 16 unique outputs
on a branch, there is repetition on the 17" iteration.
Because of this, no function can have more than sixteen
iterations.

Diagrammatically,

For the p side:
F*(fp, fg) = fa
F*(fa fg) =fb
F*(fb, fq) = fc

For the q side:
F*(fp, fq) = fa
F*(fp, fa) =fb
F*(fp, fb) =fc

Max F*(fp, fqE16)
before there is
repetition

Max  F*(fpEl6, fq)
before there is repetition

Figure 7. Maximum Iterationsis 16.
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The number of times a function receives input before it
repeating the output (number of iterations) and how
much information or logical space the operator consumes
(number of "sub-functions' generated by each iteration)
will vary with the function. So, f13 may process f; and fs
recursively for three iterations and terminate, but fg might
take seven iterations. The same initial information is
processed, but the state diagram shows the other areas of
logical space involved, thus giving the function an
"anatomical description" of its attempt to gan
homeostasis. The two vector components are the number
of branches, or divergences, at each iteration (node
creations) and number of iterations required to reach
equilibrium, the point where the function is stabilized
and starts repeating its outputs. Each operator has a
different complexity and can be ordered according to its
vector  descriptions. In terms of computational
efficiency, a function has to process a quantity of
information (or it only has to process that much less
information) to maintain itself as a homeostatic
automaton. (To symbolically describe a function, one
might take the Cartesian product of the differentials of
both the X and Y components of the function.) A
guestion is whether the same efficiency exists for the
function acting recursively over any two initial functions
other than fz and fs5.

6 Recursion of
Spaces

A discrete binary space is an n-dimensional bounded area
in which each component assumes exclusively either of
two vaues, conditions, or states. Thus, each of the 16
functions discussed above occupy a discrete binary
space. In larger discrete spaces, randomly generated bit
streams display "basins of attraction,” or repeating
functions, according to Wuensche and Kauffman.
Inasmuch as such basins are repetitive and are comprised
of binary functions, it would reasonable to ask if the
recursive characteristics of those functions discussed
above would also apply to these spaces and be useful in
understanding the repetitions within those spaces.

Discrete Binary

Essentially, the methodology is the same for examining
any n-dimensional space recursively as is with the
individual functions. Following is an informa
presentation of this approach to spaces of two or more
dimensions. It is not meant not to be a complete
discussion but illustrative.  There are three ways in
which a discrete binary space can be shown to be
recursive.

First, since the space is composed of one or
more of the 16 functions and because functions
are recursive, we see that the space, then, is
recursive.

Second, because f.(f, fq,) is recursive, any
column of the space can act over the next two
columns recursively.
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Third, the environment for an n-dimensional
space consists of the permutations of bits of that
space. For example each function as a one
dimension has as its environment, 2*, or 16
permutations. An i by j matrix has 2
permutations as its environment. To examine
the recursive character of a space:

1. f*(AS, PS) = NS, where f* is one of sixteen functions,
AS is the initial space being examined, PS is one of the
possible spaces, and NS is the resulting space. In matrix
notation, where AS, PS, and NS are matrices: |AS| * |PS|
= |NS|.

Recursively:
2A. f*(NS, PS) = NS, or NS * |PS| = NS first branch

2B f*(PS, NS) = NS, or |PS| * INS| = [NS| second branch
for each of the 16 functions, resulting in 16(2" )
generations.

7 Character of Attractors— Starting
point for analysis

Whenever a function produces an output previously
produced, there is begun a cycle that has been previously
iterated. This repetition point forms the basis of an
attractor. Every function operating over two other
functions results in one of more emerging attractors.
While it seems that logical operators are randomly
coupled to produce patterns, it would be interesting to
see what patterns emerge if the operators were coupled
according to an empirically determined scheme based
upon a specific ordering of operators. (Horne, 1997)

A concept of information processing efficiency of each
operator may be used to disassemble the recursive
process within the larger spaces and the boundaries
between patterned and chaotic space. To do this requires
affixing an order of operators based upon a standard, a
subject for further research. A starting point would be to
examine how many iterations it would take for each
function to process inputs f; and fs. From the above, the
functions could be ranked according to the number of
iterations required to process f; and fs. Thus, fo, i, f3, fs,
f;, , and f15 might be ranked co-equally and most efficient
in maintaining themselves,, since each has only one
iteration. Those functions having two iterations, f,, and
fio, would be the next most efficient, and so forth.
Taking into account the number and type of branches
could be a factor in a function’s complexity and bear on
how it processes its environment.

8 Ramifications and applications of
theory —avenues for exploration

A discrete binary space is comprised of elements having
one of two possible conditions, a factor of great import.
Any phenomenon that can be digitised is subject to
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recursive analysis. Both ordered and unordered
phenomena can be digitised and set in a discrete binary
space. Sunspot activity, waves, and background "noise”
are candidates. Every piece of computer code, whatever
the language, can be reduced to machine language, Os
and 1s, meaning that every computer program is a
discrete binary space. To say that a discrete binary space
is recursive is to say, also, that any computer program is
recursive and can reproduce itself.

How would one determine whether there is order, or
pattern, within any discrete binary space? There are
atraction points found within autonomous random
Boolean network (BN) state-space (Kauffman 1993,
Chapter 5). With respect to ordering in Boolean
complexity, it can be demonstrated that numerous
random couplings of operations result in patterns
resembling those of cellular automatons (Wuensche
1993, passim). By “dissecting” these spaces by
functional recursion, it may be possible to discover the
nature of any attractors and dispel any notion that the
patterns were generated “randomly.” Too, spaces
without any discernible pattern might also be analysed
with recursion.

9 Summary

Any discrete binary space can repeat itself because it is
composed of one or more of the 16 binary logica
functions that are recursive. The reason fed-back four bit
functions repeat themselves is the same as for the more
than four bit functions, as the latter are composed of the
former. (Partial functions — three or fewer digits - are
repeatable, albeit the graphs are more complicated. Each
possible outcome has to be graphed. {001}, for example
would require graphs for {0010} and {0011}.) A
discrete binary space as a homeostatic automaton
processes its initial environment, thereby producing
outputs that, ipso facto, change the character of the
environment. The discrete space processes the changed
environment, and, in the course of doing so, tries to
maintain itself. After a number of iterations, if the initial
function (or space) is homeostatic, it will stabilize,
evidenced by repeating outputs characteristic of how it
processes the environment. Discrete binary spaces may
be analysable with the recursion method; a larger space
reputedly randomly generated and containing a pattern
may be analysable with functional recursion and may not
be random at al

A number of actua dituations arise where binary
grouping is at issue in analysing spaces. Some operators
may be more efficient than others in the way they
process information and maintain themselves in the
environment. Logic and automatons seem to describe
how neural pulses behave (Hameroff and Penrose.
passim) and a question is whether operational ordering
would make a difference in how binary patterns emerge
from the surface of neuronal microtubules. Basins of
attraction may bear a relation to cellular automatons, or
electroencephaograms  (EEG), as suggested by
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Wouensche. (Wuensche 1993, p.11) EEGs may be
correlated with temporal coding in neural populations,
since neurad nets operate in groups to process
information, and a temporality enters in information
processing. (Fetz p. 1901) If temporality is important in
neuronal information and logica operations can be
correlated to EEGs, then, logica operations are
temporally bound. Further, neural networks “...exhibit
emergent properties such as ... generation of distinct
outputs depending on input strength and duration, and
self-sustaining feedback loops.” (Bhalla and lyengar , p.
381) If mapped to biological neura structures, binary
recursion as discussed above, becomes immediately
relevant. To add to the space-time theme, | have argued
elsewhere that the values of 0 and 1 are representations
of wave function collapse, similar to "truth tables."
(Horne.1997)

As can be seen above, there is a philosophical and
theoretical side to the structure of binary logic. It is a bit
(not only a pun) more than a crude device used for
ordinary language translation.
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